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Abstract 

We suggest simple models which produce the suitable fermion mass hier- 
archies and flavor mixing angles based on the supersymmetric SO(W) grand 
unified theory in 6 dimensions compactified on a T 2 jZi orbifold. The gauge 
and Higgs fields propagate in 6 dimensions while ordinal chiral matter fields 
are localized in 4 dimensions. We introduce extra vector- like heavy fields in 
the extra dimensions. We show three models according to the configurations 
of vector- like fields in extra dimensions. The suitable fermion mass hierarchies 
and flavor mixings are generated by integrating out these vector-like heavy 
fields. 



1 Introduction 



Grand unified theories (GUTs) are very attractive models in which the three gauge 
groups are unified at a high energy scale. However, one of the most serious problems 
to construct a model of GUTs is how to realize the mass splitting between the 
triplet and the doublet Higgs particles in the Higgs sector. This problem is so-called 
triplet-doublet (TD) splitting problem. Recently, a new idea for solving the TD 
splitting problem has been suggested in 5 dimensional (5D) SU(5) GUT where the 
5th dimensional coordinate is compactified on an S 1 /{Z2 x Z' 2 ) orbifold [0-01, where 
only Higgs and gauge fields can propagate in 5 dimensions. The orbifolding makes the 
SU (5) gauge group reduce to the SM gauge group and realizes the TD splitting since 
the doublet (triplet) Higgs fields have (not) Kaluza-Klein zero-modes. Following 
this new idea, a lot of works are made progress in the directions of larger unified 
gauge symmetry and higher space-time dimensions Pi - [ 11 1 ■ In these models, gauge 



symmetry and supersymmetry are broken through orbifold projections and/or the 
Scherk-Schwarz mechanism [[TJ]. Especially, the reduction of 50(10) gauge symmetry 
and the TD splitting solution are discussed in 6D models in Refs. || |7J] . 

Several trials of producing fermion mass hierarchies in the extra dimensional 
scenario have been done in Refs.0||||. Especially, the model in Ref.0 can induce 
the natural fermion mass hierarchies and flavor mixings, based on an N = 1 SUSY 
((1,0)-SUSY) 50(10) GUT in 6 dimensions where the 5th and 6th dimensional 
coordinates are compactified on a T 2 /Z 2 orbifold 0. The gauge and Higgs fields 
live in 6 dimensions while ordinal chiral matter fields are localized in 4 dimensions^]. 
The orbifolding and boundary conditions make the 50(10) gauge group be broken 
to SU(3) C x SU(2) L x U(1) Y x U(1) x and realize the TD splitting. In addition to 
the three-generation chiral matter fields, extra three sets of vector-like matter fields 
have been introduced: two sets of 16 and 16, and four 10 representation fieldsf] 
propagate in 6 dimensions, and chiral fields which couple to 16 and 16 are defined as 
the 1st generation, and one set of 16 and 16 propagates in 5 dimensions and chiral 
fields which couple to them are defined as the 2nd generation. The mixing angles 
between the chiral fields and extra generations have been determined by the volume 
suppression factors. In this paper, we suggest two more models as extensions of the 
model in Ref.|| by introducing additional vector-like matter multiplets propagate in 
the bulk. These models have different configurations of additional vector-like fields 
in extra dimension. The suitable fermion mass hierarchies and flavor mixings are 
generated by integrating out these vector-like heavy fields. 



* N = 1 SUSY ((1,0)-SUSY) in 6 dimensions requires the gauginos to have opposite chirality from 
the matter fermions which must all share the same chirality M Jl3) . This feature strongly constrains 
our model when discussing 6D gauge anomaly. 

t These 10 representation matter fields should have the same 6D chirality as 10 representation 
Higgs fields for the 6D irreducible gauge anomaly cancellation 
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2 Framework in 6D SO(10) SUSY GUT 



We discussed the fermion mass hierarchy in the 6D N — 1 SUSY ((1,0)-SUSY) 
5*0(10) GUT ||. The extra dimensions are compactified on a T 2 /Z 2 orbifold, whose 
coordinates (x 5 ,x 6 ) can be represented by the complex plane, z = x 5 + ix 6 . The 
structure of extra 2D spaces are characterized by reflection P and translations Tj 
(i = 1,2). Under the reflection P, z is transformed into —z, which corresponds to 
the 7r rotation on the complex plane. Under the translation T,, z is transformed 
into z + 2iiR 5 and z + i27iR 6 , respectively. R§ and Rq are the two radii of T 2 . We 
adopted the translations as (Ti,T 2 ) = (T 5 i,T 5 /i') where T 5 i = cr 2 ®/ 5 and Tyy = a 2 ® 
diag.(l, 1, 1, —1, —1), which commute the generators of the Georgi-Glashow SU(5) x 
(7(l)xi and the flipped SU(5)' x U(l)' x ^ groups, respectively as in Refs.@[|. 

When we construct a model on the 6D N = 1 SUSY 5*0(10) GUT, we must pay 
attentions to following two characteristic features. At first, 6D N = 1 SUSY ((1,0)- 
SUSY) algebra determines the relation of 6D chiralities between the gauge, Higgs and 
matter multiplets, automatically. 6D N = 1 SUSY ((1,0)-SUSY) algebra requires the 
gauginos to have opposite chirality from the matter fermions which must all share 



the same chirality @]||T3|. Thus, the 6D chiralities of all matter and Higgs fields which 
we introduced are the same each other, and opposite to those of gauginos. Second, 
since the 6D theory is the chiral theory, the 6D anomalies must be canceled by only 
the field propagating in 6 dimensions. We know the 6D irreducible gauge anomaly 
do cancel between a gauge multiplet and two 10 hypermultiplet or between a 16 (or 
16) and a 10 hypermultiplet |. 

We consider the set-up that the gauge multiplet and two 10 representation Higgs 
multiplets propagate in the 6D bulk and the ordinal three-generation matter mul- 
tiplets (16j, i = 1,2,3) localized on the 4D brane (z = 0). These field contents 
are free from gauge anomaly in 6 dimensions]^] . Moreover, the reflection(P) and 
translations (Tj) make the 5O(10) gauge group be broken to SU(3)c X SU{2)l x 
U(1)y x U{l)x and realize the TD splitting since the doublet (triplet) Higgs fields 
have (not) Kaluza-Klein zero-modes. 

For the matter fields, we introduced additional hypermultiplets, ^16 (^Te); ^ n ^ ne 
bulk. When the hypermultiplet ipw propagates in the 6D bulk, we can classify ^i 6 s 
into four types below, 

ipi6 ++ (zero mode) = Q, 
ipi6 + _ (zero modes) = U, E, 
■016—1- (zero modes) = D, N, 

■016 (zero mode) = L, (1) 

where the first ± sign represents the Ti parity, while the second ± sign represents 
the T 2 parity. Equation (|l]) shows zero-mode fields in each type of 16 representation 

* Other reducible anomalies can be canceled by the Green-Schwarz mechanism |16|. 
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matter multiplet 


additional multiplets 


16i 




16 2 




16 3 





Table 1: The matter fields in the previous model 

field. For the cancellation of the irreducible 6D gauge anomaly, we must introduce 10 
representation hypermultiplets as many as the additional hypermultiplets, t/>i6 C^ie)- 
Similarly, when the hypermultiplet ^16 propagates in the 5D bulk (x 6 = 0), we can 
classify ^i6S into the two types below, 

ipi6+ (zero mode) = Q, U, E, 

V>i6_ (zero mode) = L, D, N, (2) 
where the ± sign represents the T\ parity. 



2.1 Previous model 

Here let us review the previous model in Ref.|| briefly. In the model we introduced 

^16++ + ^T6++ = ^16 4 + ^T6 4 and ^16+- + ^T6+- = ^164 + ^Ie 4 ( We Cal1 them the 

4th generation fields) which propagate in the 6D bulk and interact with only the 
1st generation matter multiplets. For the 6D gauge anomaly cancellation, four 10 
representation matter fields should also be introduced in 6D bulk, which are heavy 
enough to have nothing to do with the fermion mass hierarchies. In 5D bulk (xq = 0), 
we introduced ^16+ + i J T6 + = ^165 + ipj6 5 , (we call them the 5th generation fields) 
which interact with only the 2nd generation matter multiplets. 

We put Higgs fields, H 16 and Hjq, on 4D brane (z = 0), which are assumed to take 
vacuum expectation values (VEVs) of O(10 16 ) GeV in the directions of B — L. We 
impose Peccei-Quinn symmetry and its charge on the multiplets: all matter multiplets 
have its charge 1, 10 representation Higgs multiplets have its charge —2, and 16 and 
16 representation Higgs multiplets have its charge —1. The following interactions 
between the chiral and extra generation fields on 4D brane, z — 0, 

• ttI'-'hM-'To, + T^ 16 2^Te 5 [ S(x 5 )S{x 6 ), (3) 

induce the mass terms for the Kaluza-Klein zero-modes of vector-like matter fields| 
§ As for 10 representation matter fields in 6D, they have nothing to do with the fermion mass 
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as, 



* [QPQ? + U^ + E^^ (4) 



+4 



where {H ie ) = (Hjq) = v n and eiS are the volume suppression factors, 
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€l - y 2ir(R s R e )WM m ' E2 ~\2-kR^M: (5) 

Here we assume all Yukawa couplings are of order one. Thus the volume suppression 
factors ei t 2 play crucial roles for generating the fermion mass matrices in the low 
energy. After integrating out the heavy fields, the model gives the following mass 
matrices in the up quark sector, the down quark sector, and the charged lepton 
sector H, 



(6) 



respectively, v and v are the vacuum expectation values of the weak Higgs doublets 
in 10 representation Higgs multiplets. We write the mass matrices in the basis that 
the left-handed fermions are to the left and the right-handed fermions are to the 
right. We notice that all elements in the mass matrices have 0(1) coefficients. When 
we set 1/Rs = 1/R 6 = O(10 16 ) GeV, Eq.(§) gives a ~ 0.04 . Thus, we can regard 
€i ~ A 2 , where A is the Cabibbo angle, A ~ 0.2. This model induces the fermion mass 
hierarchies as, 

m t :m c :m u ~ 1 : A 4 : A 8 , (7) 
rrif, : m s : ~ m T : m M : m e ~ 1 : A 2 : A 4 , (8) 

with the large tan/?. The mass matrix of three light neutrinos my through the 
see-saw mechanism [^] as 

D DT 

- - | 1 1 1 | — • 0) 




Mr is about 10 14 GeV induced from the interaction on z = 

lij 



W m» = ^-H^H^Wiie^Six,), (10) 



hierarchies due to the PQ-symmetry and the mass terms are generated through the interactions on 
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matter multiplet 


additional multiplets 


16i 


^16++, tpl6+-, 1pl6- 


16 2 


^16 + 


16 3 





Table 2: The matter fields in the Model I 



where i,j — 1 ~ 3 are the generation indices. We can obtain the suitable mass scale 
(O(10 _1 ) eV), for the atmospheric neutrino oscillation experiments, taking account 
for the 5*0(10) relation of y u ~ y v . 



As for the flavor mixings, the CKM 18 and the MNS 19 matrices are given by 
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V 1 
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They give us a natural explanation why the flavor mixing in the quark sector is 
small while the flavor mixing in the lepton sector is large [pt| -||22||. They suggest the 
suitable flavor mixings roughly in order of magnitudes. However, they show too small 
Cabibbo angle and too large U e 3. In order to obtain the suitable values of them, we 
need suitable choice of 0(1) coefficients in mass matrices. A suitable choice of 0(1) 
coefficients in the mass matrix can really derive the suitable flavor mixings consistent 
with the neutrino oscillation experiments as shown in Ref . p0| . On the other hand, if 
0(1) coefficients are not determined by a specific reason (symmetry)^, it is meaningful 
to see the most probable hierarchy and mixing angles by considering random 0(1) 
coefficients |22|]. However, if the neutrino mixing angles are very closed to be maximal 



or zero, it is natural that the mass matrices must be modified to fit the experimental 
data in order (power of A) not by tunings of 0(1) coefficients. We will discuss this 
trial in the following two sections. 



3 Model I 

For the extension of the model ||, we consider the situation where the additional 
vector-like matter multiplets propagate in the bulk. In model I, we introduced the 
matter multiplets, ipi6- + ?Ai6_ = ^164 + ^T6 4 ( we ca ^ them the 4th generation fields) 
which propagate in the 5D bulk (xq = 0) and interact with only the 1st generation 
matter multiplet in addition to the previous model ||. They have PQ charge 1 as the 
other matter fields have. 

" This situation means the case when flavor mixing angles are not very closed to maximals or 
zeros but just large or small non-specific 0(1) values. 
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In this case the following terms are added to Eq. 



W 6 : 

then the term 

W 4 ~ 



Z/44 



(12) 



^ {e 2 (lTlT + I?? ^ + Af °Wi i0) 

+e 2 fL^r+^r+^iv^ 



(13) 



is added to Eq. (|4]) . After integrating out the heavy vector-like fields, the mass matrices 
of the light eigenstates in the up quark sector, the down quark sector, and the charged 
lepton sector become 
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(14) 

respectively. The mass matrices of the light eigenstates in the left-handed neutrino 
sector and the right-handed neutrino sector are given as 
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(15) 



Then the mass matrix of three light neutrinos my through the see-saw mechanism is 
given by 

/ ,2 , , \ 

0,2 
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(16) 



When we set e\ ~ e 2 ~ A 2 , which means I/-R5 = l/i?6 = O(10 16 ) GeV, we obtain the 



following fermion mass 


matrices[| 
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;i7) 



They induce the more suitable fermion mass hierarchies in the power of A for the 
down quark and the charged lepton sectors, 



nit '■ rn c '■ nT'u — 1 : A 4 : A 8 , 

m& : m s : m d ~ m T : : m e ~ 1 : A 2 : A 6 , 



;is) 
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with large tan (3. In order to obtain the realistic neutrino mass hierarchy pattern which 
is consistent with neutrino oscillation experiments, the rank of 2 x 2 sub-matrix in 
the 2nd and the 3rd generations in m)y should be reduced, and the light eigenvalue of 
this sub- matrix should be smaller than 0(A 2 ). Then we might obtain the hierarchical 
type of neutrino mass, C m 2 < m 3 p4|. 

As for the flavor mixings, the CKM and the MNS matrices are given by 



CKM 




Vmns 



l/y/2 l/y/2 
1/2 -1/2 
-1/2 1/2 




(19) 



where we assume the reduction of rank discussed above in the neutrino mass matrix, 



rn 



(0 



for obtaining this MNS matrix. This type of flavor mixing matrix is so-called 
bi-maximal one. Without the rank reduction, the mixing between the 1st and the 
2nd generations can not be maximal. Since the value of U e $ is of order A 2 in model 
I, we do not need to choose 0(1) coefficients as we did in the previous model. The 
CKM matrix has the same structure as in the previous model. This case shows the 
relation between the Cabibbo angle and quark masses, A 2 ' 



'md/m s . Needless to 

say, the suitable choice of 0(1) coefficients can reproduce the masses and the mixings 
of quarks and leptons as in the previous model. 

For another choice, when we set E\ ~ A 3 / 2 and 62 ~ A 2 , which means I/R5 = 



O(10 16 ) GeV and 1/R 6 -- 


= O(10 17 ) 


GeV, 
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(20) 



They suggest the modified fermion mass hierarchies for the quark and the charged 
lepton sectors, 



m t : m c : m u ~ 
mb : m s : ma — 



1 : A 4 : A 



m T : m^ : m e 



1 : A : A £ 



(21) 



with large tan (3. The hierarchical neutrino mass pattern is obtained when the rank 
of neutrino mass matrix is reduced as in the previous case. 

As for the flavor mixings, the MNS matrix is the same as the previous case. 
However, the CKM matrix is modified as, 
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(22) 
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matter multiplet 


additional multiplets 


16i 


Vl6++, Vl6+_, Vl6-+, Vl6— 


16 2 


Vl6+, Vie- 


16 3 


"016- 



Table 3: The matter fields in the Model II 



The hierarchal structure of the above CKM matrix nicely reproduces the experimental 
datap6[. The Cabibbo angle has the suitable value with the relation of A ~ \Jmd/m s . 
Therefore we can conclude that the second choice of radius, R^^ is more suitable for 
the fermion mass hierarchies and flavor mixings. 



4 Model II 

As the second model, we introduce extra matter multiplets in addition to the previous 
model§: Vie-+ + Vi6- + = Via, + Vi^" and 1 hs— + "hs— = + ^ 4 ( we cal1 
them the 4th generation fields) which propagate in the 6D bulkfj] and interact with 
only the 1st generation matter multiplet, Vie- + Vtb~- = ^ie 5 + V^g ( we ca ^ them 
the 5th generation fields) which propagate in the 5D bulk (x 6 = 0) and interact with 
only the 2nd generation matter multiplet, Vie- + Vi6- = Vi6 6 + Vt6 6 ( we ca ^ them 
the 6th generation fields) which propagate in the 5D bulk (x 6 = 0) and interact with 
only the 3rd generation matter multiplet. All of them have 1 PQ charges. 
In this case, the following terms are added to Eq.(|3|), 

which induce additional terms to Eq.(|) as, 

Wi ~ v ±. ^{d'^dT + AC (o) ivr (o) + Lr (o) ir (0) ) 

+ e\(D x D'^ +iVT< (0) + L 1 L-r i ° ) ) 

+ el (uf ^ 5 (0) + N^N^ + 4 0) LT) + £2 (D 2 Df > + Ayvf ) + L 2 lT ] ) 

+ el + iVf ivf + ) + e 2 (D 3 Dj° > + W 3 N$» + L 3 Xf ) } 2 4) 

" As commented in the previous discussion, four additional 10 matter fields must be introduced 
for the anomaly cancellation. However, we omit them since they have nothing to do with the fermion 
mass matrices due to the PQ-symmetry and their heavy masses. 
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After integrating out the vector-like heavy fields, the mass matrices of the light 
eigenstates in the up quark sector, the down quark sector, and the charged lepton 
sector are given as 
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(25) 

respectively. As the mass matrices of the light eigenstates in the left-handed neutrino 
sector and the right-handed neutrino sector are given as 




v, m N 




(26) 



respectively, the mass matrix of three light neutrinos m$ through the see-saw mech- 
anism is given by 
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(27) 



R 



When we set e% ~ e 2 ~ A 2 , which corresponds to I/R5 
obtain the following fermion mass matrices [p3fl 



1/R 6 = O(10 16 ) GeV, we 



ml 




(2? 



The forms of these mass matrices are the same as those of the first case of Model I 
except for the overall factors. Thus the suitable fermion mass hierarchies of the quark 
and the charged lepton sectors are the same as Eq. (p^8|) . The flavor mixing matrices, 
Vckm and Vmns-> are a l so t ne same as those of the first case of Model I. The different 
between this model and the first case of Model I exists just in the value of tan j3. This 
model shows the small tan/3 of tan/5 ~ ^y^r 1 ~ 1- The discussion of neutrino mass 
hierarchy and the flavor mixings are also the same as the first case of Model I. 

For another choice, when we set e\ ~ A 7 / 4 and e 2 ~ A 2 , which means I/R5 = 
O(10 16 ) GeV and 1/Rq — O(10 17 ) GeV, we obtain the following fermion mass matri- 
ces. 

A 5 A 3 " 4 A 3 " 4 
1 -A 2 I A 3 " 4 A 2 A 2 
A 1 " 2 1 1 
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ml ~ A 2 



A 5 


A 3 " 4 A 1 " 2 
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A 2 1 
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A 2 1 





/ A 3 A 1 " 2 A 1 " 2 

A 1 " 2 1 1 
1-2 1 l 



Mi 



, (29) 



This case also shows the small tan/3. These mass matrices induce the fermion mass 
hierarchies of the quark and the charged lepton sectors as 



m t : m c : m u ~ 
mj : m s : ~ 

The flavor mixing matrices are given by 



1 : A 4 : A 7 , 

m T : uin : m e ~ 1 : A 2 : A 5 



(30) 
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(31) 



Here we assume the reduction of rank in the neutrino mass matrix, m£P, for obtaining 
this MNS matrix. 



5 Summary and Discussion 



In this paper, we have shown three models based on the 6D N = 1 SUSY ,50(10) GUT 
where the 5th and 6th dimensional coordinates are compactified on a T 2 / Z2 orbifold. 
The gauge and Higgs fields live in 6 dimensions while ordinal chiral matter fields are 
localized in 4 dimensions. At first, we have shown briefly the model in Ref.|| where 
in addition to the three-generation chiral matter fields, extra three sets of vector-like 
matter fields are introduced: ^164 + ^164? ^164 + V^e anc ^ ^ our propagate in 6 

dimensions and chiral fields which couple to ipi& 4 + tpjQ 4 , + ipjg are defined as 
the 1st generation, and ipi& 5 + ipj^ propagate in 5 dimensions and chiral fields which 
couple to them are defined as the 2nd generation. This model shows the fermion mass 



hierarchies as, m t : m c 
and flavor mixings as, 
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We suggest two more models as the extensions of this model. The model I has 
additional V'le- + 4>i6- matter fields propagating in 5D space, x e = 0, which couple 
to the 1st generation chiral fields. When we set e\ ~ 62 ~ A 2 , which means I/R5 = 
1/Re — O(10 16 ) GeV, this model shows the mass hierarchies in the quark and the 
charged lepton sectors as, m t : m c : m u ~ 1 : A 4 : A 8 , m& : m s : ~ m T : m M : 
m P ~ 1 : A 2 : A 6 . When we assume that the rank is reduced in the neutrino mass 
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matrix, the mass spectra of the neutrino mass eigenvalues becomes hierarchical, and 
the flavor mixings are given by 



Vckm 



( 1 A 2 A 4 
~ A 2 1 A 2 
V A 4 A 2 1 



) 



Vmns — 



( l/y/2 l/y/2 A 2 

1/2 -1/2 l/y/2 
V -1/2 1/2 l/y/2 



) 



For another choice of the sizes of compactification length of the extra dimensions as 



ei ~ A 3 / 2 and e 2 ~ A 2 , which means 1/R 5 = O(10 16 ) GeV and 1/R 6 = O(10 17 ) GeV, 



this case shows the mass hierarchies of the quark and the charged lepton sectors as, 
m t : m c : m u ~ 1 : A 4 : A 6 , m h : m s : m d ~ m r : : m e ~ 1 : A 2 : A 5 . The 
case with the rank reduction of the neutrino mass matrix can give the hierarchical 
neutrino masses and the flavor mixings as, 



The too small (large) value of the Cabibbo angle {U e -/} can be avoided by power of A. 

The model II has additional ipie ++ + V > i6 ++ and ^16+- + '0T6+- which propagate 
in the 6D bulk and interact with only the 1st generation matter multiplets, and ipie + 
(■0T6+)) m 5D bulk (xq = 0) which interact with only the 2nd generation matter 
multiplets. When we set e\ ~ e 2 ~ A 2 , which means I/R5 = 1/Rq = O(10 16 ) GeV, 
the fermion mass hierarchies and flavor mixings are the same as the first case of Model 
I. This case, however, suggests small tan/3 contrary to the first case of Model I. For 
another choice of e 1 ~ A 7 / 4 and e 2 ~ A 2 , which means I/R5 = O(10 16 ) GeV and 
1/Rq = O(10 17 ) GeV, the fermion mass hierarchies are given by m t : m c : m u ~ 1 : 
A 4 : A 7 , nib : m s : m d ~ m T : m M : m e ~ 1 : A 2 : A 5 with small tan/3. Assuming the 
rank reduction in the neutrino mass matrix, the flavor mixing matrices are given by 



This case can also avoid too small value of the Cabibbo angle. 
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